
 

The proof of Mathers theorem goes via

a chain of equivalent notions of stability
Especially useful is the following

6 Def
For fe CTM.nl denote by f the germ

off at

f is locally infinitesimally stable at if

for every germ of a vector field along f

germ of a section M f TN Er

there exist germs of vector fields s in

ETTM and Lt in TN
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In local coordinates X Xm around and

Y Yu around fix this amounts to solving
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7.7mL f is loc.int stable at if these

equations can be solved to order n dim N

i e
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Proof Generalized Malgrange Preparation Theorem

see GEG Bad

Note that
I Ioc ist stability at is determined by
juttfex

2 this reduces the problem to finite
dimensions can use implicit fates theorem

H almost every singularity we hat so

far Xk IX y t X Y



For a Vector bundle Egf consider

Tx ICM E 34M M and Ic 344M

defined by I o Cidre f
This is a submanifold and it submersion

ICE 4 I is a subufd

of 34M E the k jet bundle of
sections of E a vector bundle over M
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51 TN dfcxsIYTMI.tt IYTN f

lt f is injective this is equivalent to

global inf stability

In the general case we define for ye N
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f induces maps
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df Ill TM Jeff TN
and

df Jelzins Tlf N
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We call f simultaneously locally infinitesimally
stable at Xie if for all

genius of vector fields along f
43 Lu there exist germs of
vector fields
6 du and Lf St
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9.7mL f is inf stable if and only if
KyEN and every Sc fly with ISIEnt.gg

Tlf TN df IHM t f IHN
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Another notion of stability uses komotopies

LODI Let fecTM.eu Ic C E E CIR

I A deformation unfolding of f is a smooth

map F Mx Ie Nx Ice
t 1 Et x t

with F f

2 A deformation unfolding F of f is

trivial if



there is 0C SEE and

G E Di Mx Is n Ideformations of idm
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fxidIs
3 f is stable under deformationsfenfoldings

komotopically stable if every deformation of

f is trivial

fix 2 Fe Htt is trivial

take Geh E
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This defer is motivated by the following
idea

A deformation of f is a map

Ice CM N a curve in

9MW through f do f Recall

the map ff Diffus DifffN TM N

g h h f g

We argued that f i int stable iff
d e is onto

This can be rephrased by For every
curve c Erste with do f there is

a curve E E G He in Diffen DIAN
with Eco e Set

Jf Ge He Ht f GE I
which just means f is homotopically stable

rDiffen
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This can be generalized to k parameter
unfolding by replacing Ie with Beck

f not stable e g x

how many non trivial unfolding are

there

An For dim MEZ and KEY we find
Thom's List of seven ca trophe.sn

fold t Ex

a

There are even more notions of stability
needed for the proof of Mathers theorem

including transverse stability which is

formulatedusing Difflux Differ invariant sub
manifolds of 3 N For the details see

the books by Arnold or GEG



Propositions 3,4 and 5 suggest that stable

mappings are always denn in CMM N but

in general this is wrong it is True for C stability

Mathe showed that stable maps are dense in

9M N if and only if for
k dim N dimm um we have

n 7kt 8 when Kz 4

n 7kt 9 3 Zk z o
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